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the convergenceand enforce the divergence-freevelocity, the multi-
grid techique has been used to solve the pressure Poisson equation.

IV. Numerical Validation of Two-Dimensional
Vortex Flows

The proposed RKCN four-step projection method is tested in
computing the following two-dimensionalunsteady � ow of the de-
caying vortex, which has the exact solution as in Ref. 3. Computa-
tions are carried out in the domain 0 · x; y · ¼ . In the computation
the uniformcollocatedmesheswere used in the computation.On the
boundaries the exact solution was imposed. The same CFL number
is used for all of the tested algorithms. Figure 1 plots the maximum
errors in u at different time level as a function of mesh re� nement.
Similar results were obtained for v. Figure 1 shows that the RKCN
projection method is second-order temporal accuracy because the
slope is greater than or equal to two.

V. Summary
1) A general second-order-temporal-accuracy formulaof the pro-

jection method has been presented for unsteady incompressible
Navier–Stokes equations based on the matrix analysis method,
which has been further formed as the four- and three-stepprojection
methods.

2) Some existing well-known projection methods have been an-
alyzed based on the general four-step and three-step projection
formulas; the SIMPLE method for unsteady � ows has also been
discussed.

3) The RKCN multistepprojectionmethodshavebeendeveloped.
The three-stage low-storageRunge–Kutta technique is employed to
explicitly update the convective term for stability and simplicity,
and the semi-implicit Crank–Nicholson technique is employed to
update the diffusion term for stability.
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Introduction

I N an earlier Technical Note1 the decay rate of aircraft vortices
near the ground was developed from a series of aircraft � ybys

above tower grids instrumented with propeller anemometers. The
experiments recovered an average decay rate for the vortices when
aircraft were � ying in an atmospherewhose stabilitywas character-
izedbyRichardsonnumbersnomorenegativethan¡0.20,where the
Richardson number is de� ned as Ri D .g=20/.d2=dz/=.du=dz/2,
where g is gravity (m/s2), 20 is the reference temperature (K),
d2=dz is the backgroundtemperature gradient (K/m), and du=dz is
the background velocity gradient (s¡1). It was found that ¡.s=0i /

2

(d0=dt/t D 0 D bqs=0i D 0:051, for an assumed exponential vorti-
cal decay of the form 0 D 0i e¡bq t=s , where 0 is the vortex cir-
culation strength (m2/s) as a function of time t (s), 0i is the ini-
tial vortex circulation strength at t D 0, b is the decay coef� cient,
q is the background turbulence level (m/s), and s is the aircraft
semispan (m). This decay rate was then inserted into the U.S. De-
partment of Agriculture Forest Service aerial application model
AGDISP2 and later into its regulatory version AgDRIFT®3 (devel-
oped in cooperation with the Spray Drift Task Force and the U.S.
Environmental Protection Agency). The vortical decay assumption
improved near-wake model predictions in ground deposition and
considerably improved comparisons with � eld data.4

The in� uence of atmosphericstability on atmospheric dispersion
and hencedepositionis well known.5 In a recentreview of published
aerial � eld studies,6 only nine of the 42 studiesexamined(conducted
between 1967 and 1990) were classi� ed as having taken place in
neutralconditions(21.4%). In contrast, for the aerial � eld trials con-
ducted by the Spray Drift Task Force atmospheric conditions were
reported as either neutral or unstable for 97.2% of the trials,7 with
an average Richardson number of ¡0.05 and Richardson numbers
as negative as ¡0.81. Thus, an extension of the near-wake model
to include nonneutral (stable and unstable) atmospheric conditions
would seem to be appropriatewhen making thesedata comparisons.

Atmosphericconditionsenter the near-wakemodel in threeways:
1) the structureof the crosswindvelocitypro� le; 2) the atmospheric
background turbulence level; and 3) interaction with the strength,
size, and behavior of the aircraft vortices. The crosswind velocity
pro� le may be well approximatedby the pro� le extensionsuggested
by Panofsky8 and Golder,9 whereas the atmospheric background
turbulence level can be parameterized with respect to Richardson
number.10;11 The effects of various atmospheric stability conditions
on the behaviorof the aircraft vortices form the subject of this Note.

Discussion
To examine atmosphericstability effects, calculationswere made

with the latest version of the second-order closure, invariant tur-
bulence model as programmed in UNIWAKE. This model has
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an extensive history,12;13 including the addition of engine exhaust
chemistry and late-wake effects.14;15 In this application the model
solves the three-dimensional steady Navier–Stokes equations for
turbulent kinetic energy, temperature, and vorticity. The cross� ow
velocity � eld is found by solving a Poisson equation for the stream
function, then differentiating to obtain the horizontal and vertical
velocities.

The imposition of background velocity and temperature gradi-
ents enables the model to compute stable and unstable atmospheric
effects on the aircraft vortices. These gradients are parameterized
through the use of the Pasquill stability classi� cation scheme,16

which classi� es the surface radiation regime that largely controls
atmospheric stability in the surface layer. The scheme de� nes six
categories, based on estimates of incoming solar radiation intensity
(daytime), percent cloud cover (nighttime), and wind speed. This
simple scheme allows stability to be approximately classi� ed, with
minimal observations,into classA, stronglyunstable; classB, mod-
erately unstable; class C, slightly unstable; class D, neutral; class E,
slightly stable; and class F, moderately stable.

Three calculations were undertaken, for strongly unstable, neu-
tral, and moderately stable stability conditions, assuming model
defaults3 for aerial application from an Air Tractor AT-401, with
a � ying height of 3 m and a headwind of 1 m/s (an AT-401
has s D 7:47 m, a typical � ying speed U1 D 53:64 m/s, and 0i D
34:56 m2/s). The background velocity gradient establishes a con-
sistent level of background turbulence for each calculation be-
cause it can be shown13 for neutral atmospheric conditions that
q D

p
23.du=dz/, where 3 is the turbulent macroscale length and

the velocitygradient is approximatedby a logarithmicpro� le. Non-
neutral stability conditions modify the turbulence level, depending
on solar radiation level,17 which in turn modi� es the background
velocity gradient, the Richardson number, and the backgroundtem-
perature gradient. The three cases can be summarized as shown in
Table 1. Model calculations were undertaken on a grid spanning a
horizontal distance of y=s D 12 and a vertical distance of z=s D 36,
with a uniform grid spacing of 1y=s D 1z=s D 0:05.

Results are presented in Fig. 1 for the three cases considered.
(For a headwind the solution is symmetrical across the centerlineof
the aircraft, and only one side of the aircraft wake is computed and
plotted.) Some observations are as follows:

1) In the neutraland moderately stable cases the vorticity tends to
remain within its original oval shape, whereas in the stronglyunsta-
ble case the vorticity disperses rapidly. A comparison of maximum
vorticity is given in Fig. 2, where it can be seen that vorticalstrength
decays more rapidly as the atmosphere becomes more unstable.

2) All three cases predict similar vertical movement of the vor-
tex core, with the core descending more slowly as the atmosphere
becomes more unstable: at tU1=s D 215:4 the core has descended
to z=s D ¡1:924 (moderately stable), ¡1.788 (neutral), and ¡1.648
(strongly unstable).

3) In the strongly unstable case the vorticity is quickly dispersed
beyond its original vortex core, whereas in the moderately stable
case waves break from the top of the vortex and move away from
the aircraft centerline. (The computational domain is much larger
than shown here to avoid stability effects generated near its edges.)

4) The structure of the vortex core is dif� cult to describe for the
strongly unstablecase; however, for the moderately stable case (be-
fore wave breaking began) the vertical scale � attens in comparison
with the neutral case. In a stable layer vertically displaced air will
tend to return to its vertical level of origin, with the potential of
causing vortices to become horizontally elongated, while damping
turbulent energy and resisting vertical mixing.

5) The distance between the vortex cores (across the centerline)
remains fairly constant for the neutral and moderately stable cases,

Table 1 Background gradient summary

Stability class q=U1 .s=U1/.du=dz/ Ri .s=20/.d2=dz/

Strongly unstable 0.004555 0.03221 ¡0.25 ¡0.01018
Neutral 0.003066 0.02168 0.0 0.0
Moderately stable 0.002168 0.01533 0.15 0.001384

Fig. 1 Isopleths of vorticity X (s ¡ 1 ) for one side of the aircraft
wake, for strongly unstable (left column), neutral (center column),
and moderately stable (right column) stability categories: tU1 /s = 71.8
with X maxs/U 1 = 0.11749,0.15619,and 0.16294,respectively (top row);
tU1 /s = 143.6 with X maxs/U 1 = 0.06288, 0.10800, and 0.11812, re-
spectively (middle row); and tU1 /s = 215.4 with X maxs/U1 = 0.03824,
0.08526, and 0.09879, respectively (bottom row).

Fig. 2 Comparison of vortical decay as a function of time after vortex
release, for strongly unstable (– – –), neutral (——), and moderately
stable (¢ ¢ ¢ ¢ ) stability categories.

consistent with previous � ndings.18 The strongly unstable case is
clearly affected by the increased background turbulence level. The
competing effects present in the problem description (temperature
turning over within the vortex, vortex diffusion damped vertically
in the moderately stable case and stretchedvertically in the strongly
unstable case, dispersion effects caused by increased or diminished
turbulence level) appear to be simulated correctly.

The vortical decay rates exhibited in Fig. 2 recover a decay coef-
� cient 2.45 times that of neutral for the strongly unstable case and
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0.98 times thatof neutralfor themoderatelystablecase.These trends
suggest greater vortical dispersion in an unstable atmosphere and
less (or about the same) dispersion in a stable atmosphere, relative
to neutral conditions.

Conclusions
Atmospheric stability effects in aircraft near-wake modeling can

be simulated by vortical decay rates predicted by UNIWAKE.
Inclusion of these effects into AGDISP and AgDRIFT will ex-
tend the capabilities of both models to handle general atmospheric
conditions.
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Nomenclature
A = ejector mixing tube cross-sectionalarea, m2

e = internal energy per unit mass, J/kg
M = Mach number
m 000

inj = primary � ow mass injection
rate per unit volume, kg/s ¢ m3

Pm = mass � ow rate, kg/s
p = static pressure, Pa
T = temperature,K
u = velocity, m/s

Subscripts

e = mixing tube exit
i = mixing tube inlet
inj = primary � ow injection condition
p = primary � ow
s = secondary � ow
t = stagnation condition

Superscript

* = primary � ow nozzle throat or previous iteration value

Introduction

C OMPRESSIBLE � ow ejectors are widely used in many en-
gineering applications, and various analysis tools have been

developedover the years to analyze them. The simplest approach is
the control volume method, in which steady one-dimensionalmass,
momentum, and energy equations are used.1¡6 In control volume
analysis, � ow conditions are known only at the boundaries of an
ejector, as shown in Fig. 1. There are four distinctive ejector � ow
regimes1: supersonic(S), saturatedsupersonic(SS), mixed (M), and
mixed with separation (MS). In the S regime, the secondary � ow is
choked at a location c, which is called “Fabri or aerodynamicchok-
ing” (Fig. 1). In the SS regime, the secondary� ow chokesat the area
minimumin the secondary� ow path. In the M regime, the secondary
� ow remains subsonic at the inlet, and there is no Fabri choking in-
side the mixing tube. In the MS regime, the primary � ow stagnation
pressure is so low that the primary � ow separates in the diverging
partof theprimary � ow nozzle.Fabri’s modelused foursetsof equa-
tions covering the four � ow regimes just discussed.Addy2 extended
Fabri’s model furtherand developedmore systematicmethodsof se-
lecting these � ow regimes. Another control-volume-basedmethod
assumes the exit � ow Mach number and calculates the secondary
� ow inlet conditions by iteration.6 In this approach, a critical as-
sumption is the existenceof static pressure equilibriumbetween the
primary and the secondary � ow somewhere downstream from the
mixing tube inlet. The Fabri choking assumption is not used in this
approach, and some researchers have pointed out that this method
fails for cases in which the Fabri choking assumption is needed.2
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